We apply a subtracted dispersion relation formalism with the aim to improve predictions for the two-photon exchange corrections to elastic electron-proton scattering observables at finite momentum transfers. We study the formalism on the elastic contribution, and make a detailed comparison with existing data for unpolarized cross sections as well as polarization transfer observables.
I. INTRODUCTION
Lepton scattering within the one-photon exchange approximation is a time honored tool to access information on the internal structure of hadrons, in particular the distribution of charge and magnetization within a nucleon. The traditional way to access nucleon form factors (FFs) -the Rosenbluth separation technique, measures the angular dependence of the unpolarized differential cross section for elastic electron-nucleon scattering. Electric and magnetic FFs have been measured with this technique, see Refs. [1, 2] for such recent stateof-the-art measurements, and e.g. Ref. [3] for a review of older data. The development of the recoil polarization technique as well as the availability of polarized targets at electron scattering facilities led to the possibility of a second method of FF measurements. Such experiments access the ratio G E /G M of electric (G E ) to magnetic (G M ) FFs directly from the ratio of the transverse to longitudinal nucleon polarizations in elastic electron-nucleon scattering. For squared momentum transfers Q 2 up to 8.5 GeV 2 , this ratio has been measured at Jefferson Laboratory (JLab) in a series of experiments [4] [5] [6] [7] , with projects to extend these measurements in the near future at the JLab 12 GeV facility to even larger Q 2 values [8] . It came as a surprise that the two experimental approaches to access nucleon FFs, assuming the single-photon exchange approximation, gave strikingly different results for the FF ratio, for Q 2 value above 1.0 GeV 2 . Two-photon exchange (TPE) processes have been proposed as a plausible solution to resolve this puzzle [9, 10] , see Ref. [11] for a review. Estimates for TPE processes were studied in a variety of different model calculations, see e.g. Refs. [9, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] , and first phenomenological extractions of TPE observables based on available data were
given, see e.g. Refs. [22] [23] [24] [25] [26] [27] . Furthermore, dedicated experiments to directly measure the TPE observables have been performed in recent years [28, 29] , or are underway [30, 31] .
Besides electron scattering experiments, information on the proton size can also be obtained from atomic spectroscopy. Theoretical predictions for the hydrogen spectrum within QED are performed to such accuracy that they can be used as a precision tool to extract the proton radius, see e.g. Ref. [32] for a recent work and references therein. It came as a surprise that the recent extractions of the proton charge radius from muonic hydrogen Lamb shift measurements [33, 34] are in strong contradiction, by around 7 standard deviations,
with the values obtained from energy level shifts in electronic hydrogen or from electronproton scattering experiments. This so-called "proton radius puzzle" has triggered a large activity and is the subject of intense debate, see e.g. Refs. [35, 36] for recent reviews. The limiting accuracy in extracting the proton charge radius from the Lamb shift measurements in muonic atoms is due to hadronic corrections. Among these, the leading uncertainty originates from the so-called polarizability correction, which corresponds with a TPE process between the lepton and the proton. This correction can be obtained from the knowledge of forward double virtual Compton structure amplitudes, which has been estimated from phenomenology [37] [38] [39] [40] , from non-relativistic QED effective field theory [41] , as well as from chiral effective field theory [42] [43] [44] [45] . The total TPE corrections to the Lamb shift were found to be in the 10-15 % range of the total discrepancy for the proton charge radius extractions between electron scattering and muonic atom spectroscopy. Although these TPE corrections are not large enough to explain the bulk of the difference between both extraction methods, they constitute a large hadronic correction to the Lamb shift result, which needs to be taken into account as accurately as possible when extracting the proton radius from such experiments.
The "proton radius puzzle" also calls for re-visiting the TPE corrections in the elastic electron-nucleon scattering data in the low-Q 2 region, from which the proton radius is ob-tained. In the low Q 2 region we expect the main contribution to TPE corrections from the elastic intermediate state. Its leading contribution is given by the Coulomb scattering of relativistic electrons off the proton charge distribution, and was obtained by McKinley and
Feshbach [46] . Although the corrections to the Coulomb distortion in elastic electron-proton scattering were found to be small in the small Q 2 region [47] , a high precision extraction of the proton radii, especially its magnetic radius, calls for an assessment of the model dependence of the TPE corrections.
In this work we aim to re-visit the TPE corrections in the region of low Q 2 up to about 1 GeV 2 , and make a detailed comparison with the available data. In this work, we will focus our study on the elastic contribution of the TPE correction to the unpolarized elastic electron-proton scattering cross section. Two main calculations have been developed in the literature to estimate this elastic TPE contribution. A first method of calculation, performed by Blunden, Melnitchouk, and Tjon [9] evaluates the two-photon box graph with the assumption of on-shell virtual photon-proton-proton vertices. A second method of calculation, performed by Borisyuk and Kobushkin [16] , evaluates this elastic TPE correction within unsubtracted dispersion relations (DRs). In this work we compare these two methods and compare them in detail to the recent data. In order to minimize the model dependence due to unknown or poorly constrained contributions from higher intermediate states, we propose a DR approach with one subtraction, where the subtraction constant, which encodes the less well constrained physics at high energies, is fitted to the available data.
The paper is organized as follows: We describe the general formalism of elastic electronproton scattering in the limit of massless electrons in Section II. We review the DR framework in Section III: we subsequently discuss how to obtain the imaginary parts of the TPE amplitudes from unitarity relations in the physical region, their analytical continuation to the unphysical region, as well as how to reconstruct the real parts using dispersive integrals. We review the two-photon box graph model evaluation with the assumption of an on-shell form of virtual photon-proton-proton vertex in Section IV: we subsequently discuss the loop diagram evaluation of the box graph, as well as its dispersive evaluation. We also discuss the forward limit and provide an analytical formula which describe the leading corrections beyond the Feshbach Coulomb correction formula. In Section V, we make detailed comparisons between both methods, and show that a subtraction eliminates the differences between both methods.
Using such a subtracted DR formalism for the TPE contribution, we provide a detailed study of available unpolarized and polarized elastic electron-proton scattering data. We present our conclusions and outlook in Section VI. Some technical details on unitarity relations and on the integrals entering the box diagram are collected in three appendices.
II. ELASTIC ELECTRON-PROTON SCATTERING IN THE LIMIT OF MASSLESS ELECTRONS
Elastic electron-proton scattering e(k, h)+p(p, λ) → e(k , h )+p(p , λ ), where h(h ) denote the incoming (outgoing) electron helicities and λ(λ ) the corresponding proton helicities respectively, (see Fig. 1 ) is completely described by 2 Mandelstam variables, e.g.,
2 -the squared momentum transfer, and s = (p + k) 2 -the squared energy in the electron-proton center-of-mass (c.m.) reference frame.
FIG. 1: Elastic electron-proton scattering.
It is convenient to introduce the average momentum variables P = (p + p )/2, K = (k + k )/2, the u-channel squared energy u = (k − p ) 2 , and the crossing symmetry variable ν = (s − u)/4 which changes sign under s ↔ u channel crossing. Instead of the Mandelstam invariant s or the crossing symmetric variable ν, it is customary in experiment to use the virtual photon polarization parameter ε, which varies between 0 and 1, indicating the degree of the longitudinal polarization in case of one-photon exchange. We will be working in the limit of ultra-relativistic electrons, allowing to neglect the electron mass. In terms of Q 2 and ν, ε is then defined as
where M denotes the proton mass.
It is convenient to work in the c.m. reference frame with electron scattering angle θ cm .
The momentum transfer is then given by
There are 16 helicity amplitudes T h λ ,hλ with arbitrary h, h , λ, λ = ±1/2 in Fig. 1 , but discrete symmetries of QCD and QED leave just six independent amplitudes. The momentum transfer accessed by current experiments down to Q 2 0.001 GeV 2 [1, 2] is still much larger than the squared electron mass, so that to very good approximation electrons can be treated as massless particles. As all amplitudes with electron helicity flip are suppressed by the electron mass, in the limit of massless electrons only three independent helicity amplitudes survive:
the amplitudes to have a sufficiently falling behavior at high energies to ensure convergence, otherwise a subtraction is required.
In this section, we will set up the details of the DR formalism for the TPE contribution to elastic e − p scattering, and apply it to the case of a proton intermediate state.
A. Unitarity relation
The imaginary parts of the invariant amplitudes can be obtained with the help of the unitarity equation for the scattering matrix S (with S = 1 + iT ) For the numerical estimates in this paper, we will consider the unitarity relations for the nucleon intermediate state contribution, which by definition only involves on-shell amplitudes in the 1γ-exchange approximation. The unitarity relation is represented in Fig. 2 .
In the c.m. frame, the electron energy is
intermediate (k 1 ) and final (k ) momentums are given by
with intermediate electron angles θ 1 and φ 1 .
We also introduce the relative angle between the 3-momentum of intermediate and final
electrons ask 1 ·k ≡ cos θ 2 , with cos θ 2 = cos θ cm cos θ 1 + sin θ cm sin θ 1 cos φ 1 .
The imaginary parts of the 2γ-exchange helicity amplitudes are given by
2 ) cos(φ ) dΩ,
2 ) cos(φ +φ) dΩ,
where the phases φ, φ ,φ,φ are defined in Eq. (A1) of Appendix A. The momentum transfers 
In case of the forward scattering sin(θ cm ) = 0, cos(θ cm ) = 1, the unitarity relations lead to the optical theorem for amplitudes without helicity flip of the proton. The proton helicity-flip amplitude T 2 vanishes in this limit.
B. Dispersion relations
To discuss DRs for the invariant amplitudes describing the elastic e − p scattering it is convenient to use amplitudes which have a definite behavior under s ↔ u crossing symmetry.
In terms of the crossing symmetry variable ν = (s − u)/4, one can verify that the TPE invariant amplitudes have following crossing symmetry properties
The general form of fixed-Q 2 DR for the function with definite crossing symmetry properties can be obtained from the complex plane shown in Fig. 3 and is given by 
The amplitudes which are odd in ν, G odd , satisfy
The amplitudes which are even in ν, G even , satisfy
Unsubtracted DRs as given by Eqs. (23, 24) can only be written down for functions with appropriate high-energy (HE) behavior. We will next discuss the HE behavior of the structure amplitudes for the case of the box diagram calculation with nucleon intermediate state,
which will be explained in detail in Section IV.
For the discussions of the HE behavior in the box diagram model with nucleon intermediate state, we consider the virtual photon-proton-proton vertices as point couplings.
Furthemore, we consider three contributions, whether both vertices correspond with vector couplings (referred to as F 1 F 1 structure), both vertices correspond with tensor couplings (F 2 F 2 structure), or whether one vertex corresponds with a vector and the second vertex with a tensor coupling (F 1 F 2 structure).
In general, the HE behavior (ν >> Q 2 , M 2 ) of the amplitudes can be parametrized
, where the parameters can be extracted from a fit to the calculation. In Tables l-lll, we show the extracted values of the powers x 1 , x 2 for the different structure amplitudes and for the different cases of virtual photon-proton-proton vertices. a real part which is behaving as ν (ν 0 ) respectively, which in both cases leads to a constant contribution due to the contour at infinity in Cauchy's integral formula. This constant term cannot be reconstructed from the imaginary part of the amplitude. To avoid such unknown contribution, we will use in our following calculations instead of the amplitudes G M and F 2 , which are odd in ν, the amplitudes G 1 and G 2 , defined in Eqs. (12, 13) . As is clear from the Tables I-III, the amplitudes G 1 and G 2 both satisfy unsubtracted DRs.
For the amplitude F 3 , which is even in ν, and for which an UV regularization has to be performed in the box diagram model when using point-like couplings, we will in the following compare the unsubtracted DR with a once-subtracted DR, with subtraction at a low energy point ν 0 , of the form :
C. Analytical continuation into the unphysical region
To evaluate the dispersive integral at a fixed value of momentum transfer t = −Q 2 we have to know the imaginary part of the structure amplitude from the threshold in energy onwards. The imaginary part evaluated from the unitarity relations by performing a phase space integration over physical angles covers only the "physical" region of integration. The structure amplitudes also have an imaginary part outside the physical region as long as one is above the threshold energy. Accounting for only the contribution of the physical region to the structure amplitudes is in contradiction with the results obtained from the direct box graph evaluation for the electron-muon scattering [50] . Starting from the imaginary part of the structure amplitude in the physical region, we will now discuss how to continue it analytically into the unphysical region. To illustrate the physical and unphysical regions, we show in Fig. 4 the Mandelstam plot for elastic electron-proton scattering in the limit of massless electrons. The horizontal red curve indicates the line at fixed negative t along which the dispersive integrals are evaluated.
The threshold of the physical region is defined by the hyperbola
Therefore, the evaluation of the dispersive integral for the elastic intermediate state at t = −Q 2 < 0 always requires information from the unphysical region. Note that for −t = 
The indices 1, 2 correspond to scattering from initial to intermediate state and from intermediate to final state. The momentum transfer Q 2 obtains its maximal value for backward
can be evaluated as
The phase space integration in Eq. (19) maps out an ellipse in the Q 5, we show the physical integration regions for different elastic scattering kinematics which we will consider in this work (the electron energy in the lab frame E lab e , corresponding with a fixed target, is related to the s variable by s = M 2 + 2M E lab e ). We will now demonstrate the procedure of analytical continuation on the example of the integral which corresponds with one denominator (originating from one of both photon propagators) on the r.h.s. of the unitarity relations Eq. (19) . We introduce a small photon mass µ to regulate IR singularities. The phase space integration entering the unitarity relations can be expressed in terms of elliptic coordinates α and φ (see Appendix B) as
with a = 1 + 2sµ
The angular integration can be performed on a unit circle in a complex plane with z = e with poles position given by
In the physical region (s − M 2 ) 2 > sQ 2 , the integral is given by the residues of the poles (30) for E lab e = 0.3 GeV, µ = 10 −6 GeV. Note that these moduli do not depend on the momentum transfer Q 2 . The poles z 1 and z 3 are inside the unit circle of integration (|z| = 1) for all values of α.
In the unphysical region (s − M 2 ) 2 < sQ 2 , the positions of the poles change with respect to the unit circle (Fig. 7) , so the integral has a discontinuity at the transition point. To avoid the discontinuities, we define an analytical continuation by deforming the integration contour so as to include the poles z 1 and z 3 . The integration can be done on the circle of the radius c 0 and the centre −ib 0 as 
For the value α = 0, when the expression in brackets of Eqs. (31, 32) approaches its minimum, the positions of the poles of interest (for small photon mass parameter µ → 0)
are given by procedure of analytical continuation works also for two photon propagators in the unitarity relations Eq. (19) . Therefore, through analytical continuation, the unitarity relations are able to reproduce the imaginary part of the structure amplitudes in the unphysical region also. As a cross-check of our procedure, we show the imaginary part G M for the case of electron-muon scattering in Fig. 9 , as calculated using the analytically continued phase space integral, and compare it with the direct loop graph evaluation as explained in Section IV [50] . We find a perfect agreement between both calculations, justifying our analytical continuation procedure for the calculation based on unitarity relations.
A more realistic description of the proton is obtained by including electromagnetic FFs of the dipole form. This induces additional poles for the time-like region Q 2 i < 0 in the unitarity relations Eq. (19)
These poles arise from the dipole mass parameter Λ (Q 2 i + Λ 2 = 0) and from the "kinematic"
. These poles can be treated in a similar way as the poles in Eqs. (31, 32) through the replacement µ → Λ or µ → 2M . These poles lie on the same line in the complex z plane as the z 1 , z 2 , z 3 , z 4 poles. As soon as Λ > µ, 2M > µ, the new poles satisfy continuation does not change the position of the new poles with respect to the deformed integration contour after the transition to the unphysical region. We can therefore conclude that the outlined procedure of analytical continuation is also valid for the calculation with proton FFs.
IV. BOX DIAGRAM MODEL CALCULATION
In this Section, we will present the model which will be used in the following to check the applicability of DRs for the TPE contribution to elastic electron-proton scattering. For this purpose, we will evaluate the box graph elastic contribution (corresponding with a nucleon intermediate state) to the structure amplitudes and compare it with the evaluation of the amplitudes using the DR formalism. In our calculation of the box diagram contribution, we will assume an on-shell form of the virtual photon-proton-proton vertex.
A. Loop diagram evaluation
We will consider the TPE direct and crossed box graph contributions to the structure amplitudes, as shown in Fig. 10 . The helicity amplitudes corresponding with the TPE direct and crossed graphs can be expressed as
where Γ µ denotes the virtual photon-proton-proton vertex, m denotes the lepton mass which will be neglected in the following calculations, and where the notationâ ≡ γ µ a µ was used.
The structure amplitudes entering Eq. (9) can be expressed as combination of helicity amplitudes with the help of Eq. (4).
We perform the box diagram calculation with the assumption of an on-shell form of the virtual photon-proton-proton vertex
for two models. In the first model the proton is treated as a point particle with charge and anomalous magnetic moment, i.e., the Dirac and Pauli FFs in Eq. (37) have the following form
The second model is more realistic and it based on the dipole form for the proton electromagnetic FFs
with κ = 1.793 and Λ 2 = 0.71 GeV 2 .
Due to the photon momentum in the numerator of the term proportional to the FF F 2 , the high-energy behavior of the amplitudes will be different depending on whether F 1 or F 2 enters the vertex. We denote the contribution with two vector coupling vertices by F 1 F 1 , two tensor couplings by F 2 F 2 , and the contributions from the mixed case by F 1 F 2 , see We use LOOPTOOLS [51, 52] to evaluate the four-point integrals and derivatives of them, as well as to provide a numerical evaluation of the structure amplitudes. The TPE amplitude G M in the case of scattering of two point charges (i.e., F 1 F 1 contribution with
with α EM ≡ e 2 /4π 1/137. When including FFs, the F 1 F 1 vertex structure gives rise to an IR divergence in the amplitude G M which is given by G
whereas the F 1 F 1 contributions to the amplitudes F 2 and F 3 are IR finite. The F 1 F 2 vertex structure gives rise to IR divergences in the amplitude G M as well as F 2 which are given by
, whereas the F 1 F 2 contribution to the amplitude F 3 is IR finite. Finally, the F 2 F 2 vertex structure contribution to all these amplitudes is IR finite. When combining all IR divergent pieces, Eq. (9) yields the IR divergent TPE correction
When comparing with data, which are radiatively corrected, we subtract Eq. (41) [53] . Note that the P t and P l observables, Eqs. (10, 11) , are free of IR divergencies.
B. Dispersive evaluation
We next discuss the evaluation of the box diagram contributions with nucleon intermediate states using DRs. We perform DR calculations separately for F 1 F 1 , F 1 F 2 and F 2 F 2 vertex structures (Fig. 11 ) for both FF models described above in Eqs. (38, 39) .
For the point-like model, we obtain analytical expressions for the imaginary part of the structure amplitudes. The imaginary parts of the structure amplitudes due to the F 1 F 1 vertex structure are given by
The imaginary parts of the structure amplitudes due to the mixed F 1 F 2 vertex structure are given by
The imaginary parts of the structure amplitudes due to the F 2 F 2 vertex structure are given by
We checked that the numerical calculations of the imaginary part of the structure amplitudes are in agreement with predictions for the target normal spin asymmetry A n [49] for the model with dipole form of electromagnetic FFs [54] .
In Section V, we will compare the DR and the direct loop evaluations for the TPE contribution which results from the nucleon intermediate state.
C. Forward limit
Before presenting the numerical results for the TPE corrections at finite Q 2 , we first discuss the forward limit. This limit is relevant to extract the proton charge radius from elastic scattering data. In the forward limit, corresponding with Q 2 → 0 and ε → 1, the TPE correction to the cross section is given by Coulomb photons from the F 1 F 1 structure of virtual photon-proton-proton vertices. This result was first obtained for the electron-proton scattering in Dirac theory as the first order cross section correction by McKinley and Feshbach [46] . The so-called Feshbach correction to the cross section can be expressed analytically in terms of the laboratory scattering angle θ or the photon polarization parameter ε as
It is instructive to provide some analytical expressions for δ 2γ in the forward limit resulting from the F 1 F 1 vertex contribution to the full box diagram calculation.
For the case of electron scattering off massless quarks (taken with unit charge) the TPE correction is given by [13] 
with x = √ 1 − ε/ √ 1 + ε and Q 2 = 4xν. In the forward limit (Q 2 → 0 and ε → 1, at finite ν) we recover the Feshbach term and find large logarithmic correction terms in (1 − ε)
where the IR divergent TPE is given by the massless limit of Eq. (41).
For the case of forward scattering off a massive point particle we also give the analytical form of the momentum transfer expansion of the F 1 F 1 vertex contribution for the model with point particles. In the forward direction, only the amplitude G 2 defined in Eq. (13) survives since δ 2γ → 2 G 2 in the forward limit. The F 1 F 1 point vertex contribution to the imaginary part of G 2 is obtained from Eqs. (42) as
with ν ph as defined in Eq. (26) . Using the dispersion relation of Eq. (23), we can express the real part of G 2 in the forward limit (for Q 2 M 2 ) in terms of Q 2 and the electron beam energy E lab e in the laboratory frame as
where we have dropped terms of order Q 2 /M 2 which do not lead to any logarithmic enhancements in the near forward direction. Note that we can equivalently express Eq. (49) through the variable ε using the kinematical relation Q/E lab e 2(1 − ε), which holds in the forward direction. Eq. (49) then allows to directly express δ 2γ in the forward direction
where the leading finite term (proportional to Q/E lab e ) is obtained as the Feshbach correction term δ F , and where subleading logarithmic correction terms are also shown. We found that our forward limit result of Eq. (50) agrees with an expression obtained some time ago [55] 1 .
We can similarly study the contributions of the F 1 F 2 and F 2 F 2 vertex structures to the amplitude G 2 in the case of a point-like proton comparing their imaginary parts G , and G
with the expression for the F 1 F 1 vertex structure G 
The Feshbach correction and the subleading logarithmic terms in the real part of the amplitude G Besides the elastic contribution discussed here, Ref. [55] also derived that in the forward limit, the Q 2 ln(Q/2E lab e ) term in Eq. (50) obtains an additonal contribution due to inelastic states, which can be expressed through the total photo-production cross section on a nucleon.
In Fig. 12 , we compare the Feshbach correction with the full box diagram calculation of δ 2γ for point protons at low momentum transfers and at beam energies corresponding with experiments at MAMI and JLab. One sees that at small Q 2 , the leading TPE contribution is given by the F 1 F 1 vertex structure, and approaches the Feshbach term in the forward direction. We furthermore see that at small Q 2 , the leading corrections to the Feshbach result are given by the logarithmic terms given in Eq. (50).
In Fig. 13 , we compare the analogous results using the dipole model for the proton FFs.
V. RESULTS AND DISCUSSION
In this Section, we firstly compare the model calculation of the elastic contribution to TPE amplitudes with the evaluation within the DR formalism. Subsequently, we discuss predictions for unpolarized and polarization transfer observables of elastic electron-proton scattering and compare with existing data.
The results for the real and imaginary parts of the amplitudes for the case of the F 1 F 1 vertex structure in the model with dipole FFs are shown in Figs. 14 -16. We show the unitarity relations calculation of the imaginary parts of the structure amplitudes both in physical and unphysical regions. For the latter, we use the analytical continuation as outlined in Section III. For the imaginary parts, we see a perfect agreement between the unitarity relations calculations and the box graph evaluation both in physical and unphysical regions.
We also checked that for the F 1 F 2 and F 2 F 2 vertex structures the imaginary parts of the structure amplitudes are in perfect agreement between the two approaches for all amplitudes and for both FF models. This is to be expected as the imaginary parts of the structure amplitudes correspond with an intermediate state in the box diagram which is on its mass
shell. Therefore only on-shell information enters the imaginary parts.
For over the whole physical region of the parameter ε, which is related to ν as
with ν ph defined in Eq. (26) . We checked that in case of the subtraction. The resulting subtraction term cannot be reconstructed from the imaginary part of the amplitude F 3 . This term describes the contribution of physics at high energies to low-energy processes. When using dipole FFs for the F 2 F 2 vertex structure, one finds that the unsubtracted DR for the elastic contributions also converges for unsubtracted DRs. Although the box diagram calculation for F 3 is convergent for the F 2 F 2 vertex structure when using on-shell vertices with dipole FFs, we like to stress that this result is model dependent. We notice however that after performing one subtraction, we find an agreement between the DR calculation and the box diagram model evaluation, see right panel of Fig. 18 .
To test the numerical convergence for different kinematical situations, we show in Fig. 19 the contributions to the real parts of G 1 , G 2 , and F 3 evaluated through unsubtracted DRs, as function of the upper integration limit in the DRs. We see from elastic electron-nucleon scattering, we like to minimize any model dependence due to higher energy contributions. In a full calculation, such contributions arise from inelastic states which always will require some approximate treatment. To minimize any such uncertainties and to provide a more flexible formalism when applied to data, we propose to consider a DR formalism with one subtraction for the amplitude F 3 . The subtraction constant will be obtained by a fit to elastic electron-nucleon scattering observables, in the region where precise data are available.
unsubtracted DR, unsubtracted DR, unsubtracted DR, We next discuss the implementation of such a subtracted DR formalism for the TPE contribution and provide a detailed comparison to different observables. The TPE correction to the unpolarized elastic electron-proton scattering cross section in Eq. (14) can be expressed as the sum of a term evaluated using an unsubtracted DR and a term arising from the F 2 F 2 contribution of F 3 , which we will evaluate by performing a subtraction :
and
The polarization transfer observables of Eqs. (10, 11) can also be expressed as model independent terms (
0 and the contribution due to F
with
The predictions for the elastic electron-proton scattering observables can be made with one subtraction point at ν = ν 0 , which we express as
where we can express the subtraction function F
has to be obtained from experiment, as
We can then insert this subtraction term (for every fixed value of Q 2 ) into Eqs. (57, 58) and make predictions for the ν or dependence of these observables as
In Eqs. (61, 63, 64 ) the difference F
is calculated from a subtracted DR. In the following, we determine the subtraction term from the unpolarized cross section measurements [2] , and show our predictions for the different observables. The TPE correction to the unpolarized elastic electron-proton scattering evaluated in the model calculation of Section IV, with the Feshbach term subtracted, is shown in Fig. 20 for a small value of ε. It is seen from Fig. 20 that the departure of the TPE correction from the Feshbach term strongly increases with increasing Q 2 . One also sees that at larger Q 2 , this is mainly due to the contribution from the F 2 F 2 vertex structure. To compare our DR results for the proton intermediate state contribution with the data, we perform, for every fixed value of Q 2 , one subtraction for the amplitude F 3 with the subtraction point fixed by one cross section result, which we take from Ref. [2] . For comparison, we also show the result for the box diagram model in Fig. 21 . The difference between the results for different choices of the subtraction point corresponds to the uncertainty of our procedure. We would like to notice that for Q 2 larger than around 1 GeV 2 the account of inelastic intermediate states becomes increasingly important. Also a description in terms of intermediate hadronic states ceases to be valid for large momentum transfer: due to the scattering off individual quarks, one will go over into a partonic picture [12, 13, 18, 19, 24] .
We next discuss in more detail the TPE evaluations using nucleon intermediate state only of the ratio of e + p to e − p elastic scattering cross section [29] . Its deviation from unity is directly related to the TPE corrections. Furthermore, the ratio P t /P l was measured for by using the unpolarized cross section analysis of Ref. [2] at one point in ε as input. We choose the subtraction point ε 0 = 0.83, which is in the ε-range of both experiments. For both observables we use the FFs from the P t /P l measurement of Ref. [57] . We extract the TPE correction δ 2γ from the CLAS data of the cross section ratio R 2γ = σ(e + p)/σ(e − p) by
, where δ even ≈ −0.2 is the total charge-even radiative correction factor according to Ref. [29] . Note that for the CLAS data, which have been radiatively corrected according to the Mo and Tsai (MT) procedure [59] in Ref. [29] , we applied the correction δ We next discuss the polarization transfer observables for momentum transfer Q 2 ≈ 2.5 GeV 2 where data have been taken both for P t and P l separately [27] . In our theoretical predictions, we use the 1γ-exchange FFs taken from the P t /P l ratio measurement.
To evaluate the TPE structure amplitudes, we use the dipole FFs as an input. The comparison with the data for the ratio P t /P l is shown in Fig. 26 . As one sees, the present data for P t /P l [28] does not allow to extract a TPE effect, indicating a cancellation between the three TPE amplitudes for this specific observable. The comparison with the data [28] for the absolute polarization transfer observable P l /P 
VI. CONCLUSIONS AND OUTLOOK
In this work we have studied the TPE corrections to elastic electron-proton scattering with the aim to minimize the model dependence when applied to data. For this purpose we have studied a subtracted dispersion relation formalism where the real part of the F 3 structure amplitude is reconstructed from the corresponding imaginary parts through a subtracted dispersion relation. We have related the subtraction constant at a fixed value of Q 2 to a precisely measured cross section point at one value of ε. The remaining ε dependence of the cross section, as well as the other observables then follow as predictions in our formalism.
In this work, we have tested this formalism on the elastic, i.e. proton intermediate state,
TPE contribution. We have made a detailed comparison with existing data. In the low momentum transfer region, where the nucleon intermediate state contribution is expected to dominate, the presented formalism provides a flexible framework to provide a more accurate extraction of the TPE correction to elastic electron-nucleon scattering. At larger values of Q 2 , the presented subtracted dispersion relation formalism can be extended in a next step to include inelastic intermediate state contributions. Moreover, a further extension of the subtracted DR formalism is to evaluate the TPE corrections for the case of muon-proton scattering at low energies, which requires the inclusion of lepton-mass correction terms. A first step in this direction was already performed [60] .
The result for the F 1 F 1 vertex structure of virtual photon-proton-proton vertices for the direct diagram is given by 
The crossed diagram contribution to the structure amplitudes can be obtained from the direct diagram contribution by the replacement s → u, and with a sign according to crossing relations of Eq. (21).
For the sum of the direct and crossed diagrams the UV divergent terms in the case of F 2 F 2 vertex structure have following behavior
whereas the amplitudes F 2 , G 1 , G 2 are UV finite.
We now describe the details of the calculation for the dipole form of electric and magnetic
FFs , see Eq. (39) . The Pauli and Dirac FFs have the following expressions
The amplitudes for the case of dipole form of electromagnetic FFs can be obtained from the point-like model expressions after differentiation of the photon propagators with respect to the IR parameter µ 2 and replacement of this parameter either by Λ 2 or by 4M 2 . The two terms with different order of vector and tensor coupling vertices for the case of the F 1 F 2 vertex structure are not the same in this calculation. Also the tensor expressions for the integrals A are not symmetric under the replacement q → −q in case of both terms for the F 1 F 2 vertex structure. We perform the Passarino-Veltman decomposition [61] in terms of the LOOPTOOLS momentums in this case.
The UV divergencies are absent in the calculation with the dipole FFs. We subtract the IR divergencies according to the Maximon and Tjon prescription [53] . The soft photons contribution can be easily obtained from the spinor contractions in the numerator of Eq. (36) . If the virtuality of one of the photons q i → 0 in case of the F 1 F 1 vertex structure the numerator of the TPE amplitude has a factor 4(kp)ūγ ν uN γ ν N . The IR contribution has to be multiplied by F 1 (0)F 1 (t). The IR contributions to G M and F 2 structure amplitudes in case of the F 1 F 2 vertex structure has to be multiplied by F 1 (0)F 2 (t). In case of the F 2 F 2 vertex structure, the IR divergence is absent.
